Introduction and Results {#Sec1}
========================

Correlation inequalities, initially proposed by Griffiths \[[@CR4]\], have been an invaluable tool in the study of several classical spin systems. They have helped to establish the infinite volume limit of correlation functions, the monotonicity of spontaneous magnetisation, and they have allowed to make comparisons between different spatial or spin dimensions. It would be helpful to have similar tools for the study of quantum systems, but results are scarce. Gallavotti has obtained inequalities for truncated functions in the case of the quantum XY model with spin 1/2 and pair interactions \[[@CR2]\]. Inequalities for (untruncated) correlations in more general models were proposed in \[[@CR1]\].

In his extension of Griffiths' inequalities, Ginibre proposed a setting that also applies to quantum spin systems \[[@CR3]\]. The goal of this note is to show that the quantum XY model fits the setting, at least with $\documentclass[12pt]{minimal}
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Clearly, other inequalities can be generated using spin symmetries. The corresponding inequalities for the classical XY model have been proposed in \[[@CR5]\].

The proof of Theorem [1](#FPar1){ref-type="sec"} can be found in Sect. [3](#Sec3){ref-type="sec"}. It is based on Ginibre's structure \[[@CR3]\]. It is simpler than Gallavotti's, who used an ingenious approach based on the Trotter product formula, on a careful analysis of transition operators, and on Griffiths' inequalities for the classical Ising model \[[@CR2]\]. Our proof allows us to go beyond pair interactions.

A consequence of Theorem [1](#FPar1){ref-type="sec"} is the monotonicity of certain spin correlations with respect to the coupling constants:

Corollary 2 {#FPar2}
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The first inequality states that correlations increase when the coupling constants increase (in the same spin direction). The second inequality is perhaps best understood classically; if the first component of the spins increases, the other components must decrease because the total spin is conserved. Corollary [2](#FPar2){ref-type="sec"} follows immediately from Theorem [1](#FPar1){ref-type="sec"} since$$\documentclass[12pt]{minimal}
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The proof of this theorem can be found in Sect. [4](#Sec4){ref-type="sec"}. It uses Theorem [1](#FPar1){ref-type="sec"}.

Infinite Volume Limit of Correlation Functions {#Sec2}
==============================================

Infinite volume limits of Gibbs states are notoriously delicate issues; we show in this section that Theorem [1](#FPar1){ref-type="sec"} (and Corollary [2](#FPar2){ref-type="sec"}) give partial but useful information: For Gibbs states "with $\documentclass[12pt]{minimal}
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Finally, let us comment on the relevance of this Gibbs state with $\documentclass[12pt]{minimal}
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Next, a simple lemma with a useful formula.

Lemma 7 {#FPar10}
-------

For all operators *a*, *b* on $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (ab)_{\pm } = \tfrac{1}{2} a_{+} b_{\pm } + \tfrac{1}{2} a_{-} b_{\mp }. \end{aligned}$$\end{document}$$

The proof is straightforward algebra. Notice that both terms of the right side have *positive* factors. Now comes the key observation that leads to positive (and negative) correlations.

Lemma 8 {#FPar11}
-------
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As a consequence, there exists an orthonormal basis of $\documentclass[12pt]{minimal}
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Proof of Lemma 8 {#FPar12}
----------------
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Proof of Theorem 1 {#FPar13}
------------------
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This section is much more involved, and our result is sadly restricted to the ground state. Our strategy is inspired by the work of Nachtergaele on graphical representations of the Heisenberg model with large spins \[[@CR6]\]. We consider a system where each site hosts a pair of spin $\documentclass[12pt]{minimal}
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It is perhaps worth noticing that the tensor products in this section play a different rôle than those in Sect. [3](#Sec3){ref-type="sec"}.

The New Model {#Sec5}
-------------
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Correspondence with the Spin 1 Model {#Sec6}
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All Ground States Lie in the Triplet Subspace {#Sec7}
---------------------------------------------
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### Lemma 9 {#FPar14}
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### Proof of Lemma 9 {#FPar15}
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Proof of Theorem [3](#FPar3){ref-type="sec"} {#Sec8}
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